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Abstract : In this paper,we compare Reich type nonexpansive mapping, Chatterjea type nonexpansive mapping and (c¢)-

mapping,and draw some conclusions. Under the premise of O<c<b,we prove that the Chatterjea type nonexpansive mapping T'

is asymptotically regular and in a UCED Banach space,the Chatterjea type nonexpansive mapping T has a fixed point. Finally,

we also find that the Chatterjea type nonexpansive mapping T is orbitally continuous and k-continuous on orbits.
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0 Introduction

We know that every nonexpansive mapping or as-
ymptotically nonexpansive mapping on a non-empty
closed , bounded , convex subset of a uniformly convex Ba-
nach space has at least one fixed point,see ref. [1-3].

In ref. [4], it shows that if Reich type nonexpansive
and Chatterjea type nonexpansive mappings satisfy some
additional mild conditions, then there exist an AFPS for
the mappings. Further, it shows that the respective ap-
proximate fixed point sequences converge strongly to a
fixed point of the respective mappings. In this paper, we
talk about properties of the Chatterjea type nonexpansive
mappings satisfy some additional conditions. For more
considerations on Reich contractions and Chatterjea con-
tractions see ref. [ 5-6], respectively ref. [ 7 ]. For Har-
dy-Rogers contractions see ref. [ 8 ].

In ref. [97], it solves two fixed point problems asso-
ciated with the class of (¢)-mapping. In this paper, we
extend (¢)-mapping to the Chatterjea type nonexpansive
mapping and also prove that the Chatterjea type nonex-

pansive mapping is asymptotically regular.
1 Notations and preliminaries

Definition 1'*)  Let T: X—X be a mapping acting
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on a metric space (X,d) and let (x,), be a sequence in
X. (x,), is said to be an approximate fixed point se-
quence (in short, AFPS ) for T if.
}Lrgd(xn—T(xll) )=0
Many authors have studied a number of methods for
iterative AFPS, see ref. [ 10-13].
Definition 2

a non-empty subset of X and T:C—C be a mapping. The

Let X be a normed linear space, C

mapping T is said to be a Chatterjea type nonexpansive
mapping if there exists non-negative real numbers a,b,c
with a+b+c=1,such that the condition

I Tx=Ty | <a || x=y || +b [ x=Ty || +c || y=Tx |

(D)

holds for all x,y € C. We say that T is a Chatterjea type
nonexpansive mapping with coefficients (a,b,c).

Definition 3"

niformly convex in every direction (in short, UCED) if

A Banach space X is said to be u-

for all ee (0,2] and all x € S, there exists §(&,x) >0
such that.
|, +x, || <2(1-6(&,x))
for all x, ,x, EEX and x,—x, € {tx,te[-2,-e]U[e,2]}.
Definition 4" A Banach space X is said to be u-
niformly convex if X is UCED and
inf{8(&,x),xeS,}>0
for all e (0,2].
Remark 1 We have the following implications
Uniform convexity=>UCED=Strict convexity.
Lemma 1'% A Banach space X is UCED if and
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only if for every bounded sequence (x,), in X, the func-
tion f defined on X by f(x)= }1?2 || x,—x || is strictly qua-
siconvex, that is:
Flay, +(1-a)y,) <max | f(r,) f(3,) |

for all @ e (0,1) and all y,,y, € X with y, #7y,.

Definition 5'°' If T is a self mapping of a metric
space (X,d) then the set O(T,x)= {T"x:n=0,1,2,

.-} is called the orbit of T at x and T is called orbitally

continuous at a point z € X if for any sequence x, CO(T,
x) for some x € X,x,—z implies Tx,—Tz as n—o .

Definition 6"’

space (X,d) is called k-continuous, k=1,2,--, if T'x,

A self-mapping T of a metric

—Tz whenever {x,!| is a sequence in X such that 7",

n

—>Z as n—>® .

2  Main results

Lemma 2 Let (X,d) be a bounded metric space
and let T: X—X be a Chatterjea type nonexpansive map-
ping with O <¢ < b. Then, T is asymptotically regular,

that is:
}Lrgd( T"'%,T"x)=0

for all x € X.

Proof. Forx, € C, let x,=T"x,. Then, for n=1, by
(1), we get
d(x,,,,x,)=d(Tx,,Tx, )
<ad(x,,x,,)+bd(x,,Tx, ) +cd(x, ,,Tx,)
<ad(x,,x, ,)+c(d(x,  ,x,)+d(x,,Tx,))

= ( a+c)d(x,, ’xn—l ) +cd(x,, ’xn+1 )
a+c 1-b

:>d(x+l’x )$7d(x sx—1>:7d(x
n n 1—C n n 1C

X, ) =

n n—

d(‘xn 9xnf] )
Therefore, the sequence {d (x,,,,%,)! is nonin-

creasing, so that limd(x,,, ,x,)=r exists. We must show

n—ro

that r=0. Suppose r>0. Then there exists a positive inte-

ger s such that the diameter of ¢=d, <%. Since ¢>
0,there exists £>0 such that {1-(s+1)c'} (r+e) +
(s+1)rc’

<r( this is possible for O<e <

% ). Then

there exists a positive integer N such that n =N implies
r$d(x"+] ’
Now we claim that,for n=0 and k=1,

d(x xm)${l—(k+1)ck}d(x

x,) <r+e.

n+k+1 9 n+l "xu)+

ckd(x"+k+1 ,,) (2)
To prove (2), let k=1. Then, we get, by (1),
d( %, ,%,,, ) Sad(x

<(1-2¢)d(x

which asserts (2) since b=c¢>0=a<1-2¢. In or-

xn ) +Cd( ‘xn+2 ’xn )

n+l

o1 2%,) ed(x,5,%,)
der to use induction for k£, assume that (2) is true for
k=1. Since a+b+c=1,0<c<b, then we have
d(Xppazs Xy ) S [1=(k+1) 1d (%25 Xy ) +
de(xn#ﬁz 1)
<[1-(k+1)c" Jd(x,,, ,x,) +c" [a(k+1) +bk]d(x
x,)+cd(x,,,.,,x,)
<[1-(2+k) " Jd(x,, ,x,) +¢ d (%, 02 5%,)

by using d (x,,;,,,%,) <(k+1)d(x,,, ,x,) and
A%y %) Shd(2,,,%,)

which proves (2).

Then, for n=N and k=s, by (2), We have

d(x x,,,) <{1-(s+1)c'} (r+e)+c'd,

s+
2

n+l

n+s+1 9
S {I-(s+l)c'} (r+e)+

<r
which leads a contradiction. Therefore ,we have r=0.
Remark 2 Let 7;X—X be a mapping acting on a
metric space (X,d). If T is asymptotically regular, then
for every x, € X, the sequence (T"(x,) ), is an approxi-
mate fixed point sequence for T.

Theorem 1 Let X be a UCED Banach space and

let K:EJ] K. be a finite union of nonempty weakly compact
convex subsets K;,(i=1,2,:--,n) of X. Assume that T’
K—K is a Chatterjea type nonexpansive mapping with x;
eK,,Tx, €K, and 0<c<<b. Then, T has a fixed point in
K.

Proof. Let z, be an arbitrary point in K. Define the

convex functional g:X—[0,+ew ) by:
g()=Tm || +-T'5, |

Since K is bounded and following Lemma 1, g is
strictly quasiconvex. On the other hand, for 1 <i<n,K,
is weakly compact by hypothesis. The fact that g is weak-
ly lower semi-continuous implies the existence of x; € K, ,
such that.

g(x;)=min{g(x):x ek}

Since T: K— K is a Chatterjea type nonexpansive
mapping, there exist a,b,ce [0,1],b=¢>0 such that
a+b+c=1 and:

l Ty, ~Ty, I Sasy, -y, | +b || Ty,~y, | +c |l Ty, -y, l
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for all y,,y, e K.

This gives that .
[ Txk—Ti'zo [
Ti_lzo |

By the triangle inequality, we obtain that for 1 <k<n
I Txk—Tizo | <a(l xk—Tizo I+ TiZo_Ti_1 z |l )+
bl xk—Tizo [ +eC |l Txk—TizO [+l Tizo_THzo )

hence
(1=c) |l Txk—Tizo | <(a+b) | xk—TizO I+
(a+c) || Tizo_Ti_lzo [

<a || xk_Ti_]Zo I+ 1l Tizo—xk [ +c |l Tx,~

Similarly ;
a+b : a+c ;
[ Tx,— leo | < ” %, —T'z, I+ ” TLZ() ! EN) [
Since,a+b+c=1,c<b it follows that ath _ 1,L+C=
| |
1-b . .
——=1, which gives that.
—c

lim || Tw,~T'z, || <lim || 5,=T'z, || +lim || T'2,-T"", |
12 12 13
Furthermore , since K is bounded, Lemma 2 shows

that T is asymptotically regular, which leads to:
E | Tz =Tz, | =E | T'z-T""z, || =0

It follows that .
lim || 75,15, | <lim || 2, |

this proves that .

g(Tx,) <g(x,),l<k<n

If there exists 1 <k, <n,such that Tx, € K, and
since g(x, ) is the minimum of g on K, , we get Tx; =
x,,- Indeed, if Tx, #x, and since g is strictly quasicon-

vex, we obtain;

- %5, + 1, T B
g(xko> =& Ty <max{g(xkn) ,g( xk()) } —g<xkn>

which is a contradiction. x, is a fixed point for T.

Theorem 2 Let X be a Banach space and C be a
non-empty closed, convex, bounded subset of X. Let T
C— C be a Chatterjea type nonexpansive mapping with
Also assume that

coefficients (a,b,c), such that b,c<1.

forx,yeC

1-b
o a=Ty < ey 1= I Te=Ty || < [y |

Further, assume that for any £>0, there exists 6>0
such that

&
o=y [+ 1oe=Ty || + 1y =T | Be+d= || =Ty | <

Then, T is orbitally continuous and k-continuous.

Proof. In Theorem3. 5" we know that (x,) is an
AFPS of T. In Theorem 3. 6" (x,) is a Cauchy se-
quence and hence convergent to some z € C.

We obtain that,
| Tx,-Tx, || <a | x,—x,, || +b | xn—Tx | +¢ || x,,~Tx, ||

<a | x,~x, | +b | x,~x, | +b | 2, ~Tx, || +c [ x,~x,, || +
cllx,-Tx, |

< lx,-x, | +b || %, =Tx, || +c || x,=Tx, | =0 as n,
m—>oe

Therefore, (Tx,) is a Cauchy sequence in C. Also,

2%( Tx, +x,) , we have that Tx, =2x

since x,,, —%, %

n+l

as n—rw .
From Theorem 3.6 we know that z is a fixed point
of T, i.e.

T is orbitally continuous.

,2=Tz. Then,Tx,—z=Tz as n—o . Therefore,

Since T"'x,—z, k-continuity of T implies that T'x,
—Tz. So,we will prove that T'x,—T%.

Again
| Tx, Tz |
¢llz=T'x, |
<a | T 'w,—z| +b || T 'x,—z || +b || =Tz || +¢ || z=T= || +
e || T=-Tx, |,
=(1-c) || T'%,-Tz || <

Then

<a || T7'w,—z| +b | T"'x,-Tz || +

I Cote) || z=Tz ||

b+c

| T'x,-Tz || <+— || z=Tz || =0 as n—x

Therefore, T is k-continuous.
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